Abstract. In this paper we study the string topology (á la Chas-Sullivan) of an orbifold. We define the string homology ring product at the level of the free loop space of the classifying space of an orbifold. We study its properties and do some explicit calculations.
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Introduction
Chas and Sullivan in their seminal paper [6] defined a remarkable product on the homology H * (LM ) of the loop space of a smooth manifold. Here LM is by definition the space Map(S 1 ; M ) of piecewise smooth maps from the unit circle S 1 to M . The Chas-Sullivan string product on H * (LM ) was barely the tip of the iceberg of a very interesting structure unveiled in their work. For example they showed that this product is part of the structure of a Batalin-Vilkovisky algebra in H * (LM ) thus finding a striking relation between algebraic topology and recent findings in quantum field theory and string theory [5, 16] . Soon after this happened Cohen and Jones [10] discovered that a very rich part of this structure was avaliable at a more homotopy-theoretic level and reinterpreted the BV-algebra structure in terms of an action of the cactus operad on a certain prospectrum associated to M . Moreover they showed that the Chas-Sullivan string product was the natural product in the Hochschild cohomology interpretation of the homology of the loop space of M . Cohen-Godin [9] studied interactions with the study of the homology of moduli spaces of Riemann surfaces, establishing a direct connection to topological quantum field theories. Cohen-Jones-Yan [11] continued this work providing more explicit calculations of the product.
Conjecturally the resulting quantum field theory should have a more geometric interpretation. Cohen's conjecture establishes that a certain variety of Floer theory as a quantum field theory and the theories studied in [9] should coincide [12, 30, 34] . This consitutes an important motivation for this work, for Chen and Ruan have extended Floer theories to orbifolds, and hence the corresponding string topology seems missing.
The study of orbifolds was given a strong new impetus with the appearance of the work of Chen and Ruan [7, 8, 29, 28, 3] . In this work they showed that many of the early ideas in orbifold string theory [33, 14] could be used as an inspiration to define an ambitious generalization of the quantum cohomology ring (and Floer theories) of a smooth symplectic manifold to that of an orbifold.
In this paper we define a string product on the homology of the free loop space of the classifying space of an orbifold (this coincides with the homology of the associated differentiable smooth Deligne-Mumford stack [25] ). We show that in the case in which the orbifold is a manifold we recover the original setting of Chas and Sullivan. We also show that many of the results of that more particular setting can be extended to the case of the orbifold. Our basic idea is to consider the inner symmetries of the orbifold as a sort of D-brane. Indeed each element of the local group will be for us a sort of 0-brane.
Then we turn on the B-field. Namely, by considering a gerbe on the orbifold [23, 22, 21] and its corresponding string connection we are able to define a twisted orbifold string ring for the case of what is known in the physics literature as discrete torsion [33] , which for us is a specific kind of flat gerbe [22] .
Finally we construct a Hochschild complex that computes the product of the theory (albeit not very efficiently).
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1.1. TQFT. Our main motivation comes from topological quantum field theories (TQFTs). Let us remember that a (n + 1)-dimensional TQFT is a functor H from the category of smooth manifolds and diffeomorphisms to the category of vector spaces that additionally assigns to each cobordism Y between two smooth manifolds M and N (namely ∂Y = M ∐ −N ), a linear mapping Ψ Y : H(M ) → H(N ). Both H and Ψ should be compatible with all the obvious structures including gluing of cobordisms [4, 13] . Traditionally whenever Y is boundaryless the map Ψ Y : C → C is identified with a number Z(Y ). In particular we have that the following properties hold,
• Ψ ∅ = C.
•
We will also need the definition of a Frobenius algebra. A finite-dimensional commutative algebra A over C with a 1, together with a linear map θ : A → C such that (x|y) → θ(xy) is a nondegenerate bilinear form on A is called a Frobenius algebra. In this case θ is called a nonsingular trace [2, 32] .
It is well-known that to have (1+1)-dimensional field theory is the same as having a Frobenius algebra, the basic idea is to set A = H(S 1 ), the product corresponding to the pair of pants Y P , and the trace to a disk Y D thought of as having one boundary component coming in and none coming out.
Finite Groups.
There is a very beautiful example of a topological quantum field theory (TQFT) due to Dijkgraaf and Witten [13, 32, 12] . This is a (n + 1)-dimensional TQFT (H G , Ψ G , Z G ) n+1 associated to a finite group G. In this model we have
, where Bun G (M ) is the set isomorphism classes of G-principal bundles on M . Here we remark that Bun G (M ) ∼ = Hom Z (π 1 (M ), G)/ ∼, this last bijection being induced by the holonomy of the bundle. The symbol ∼ denotes conjugation.
• For a boundaryless Y we have
Segal has shown that when de dimension of the model is 1 + 1 then we have
is isomorphic to the center of the group algebra C[G], with trace
• For a boundaryless Riemann surface Σ we have
where g is the genus of Σ and V runs through irreducible representations of G.
A groupoid is a category in which every arrow has an inverse. A finite group can be thought of as a groupoid with one object and as many arrows as elements has the group. We will generalize this model to a category of groupoids that includes the finite groups. But before we do that we will consider some more examples of TQFTs.
1.3. Poincaré Duality. There is another example afforded to us by Poincaré duality. This model written (
depends only of a fixed oriented compact closed smooth manifold M and lives in dimension 1 + 1. For this model we have,
• A M = H * (M ) (which is graded).
• The mapping associated to the pair of pants
is the intersection product on the homology of the manifold (and is of degree
The nondegeneracy of the trace is a consequence of Poincaré duality. It may be instructive to see how the Pontrjagin-Thom construction and the Thom isomorphism can be used to induce the map 1.3.1. That basic idea is to use the diagonal map △ : M → M × M. The product on A M is precisely the Gysin map △ ! which can be defined as follows. It is not hard to verify that the normal bundle ν of M in M × M is isomorphic to the tangent bundle T M of M . Let us write M ǫ a small neighborhood of M in M × M , and M T M the Thom construction on T M .Then we have naturally a map
which by the use of the Thom isomorphism induces
as desired.
1.4.
Correspondences. Let us consider the category Corr of correspondences 1 [12] whose objects are topological spaces and whose arrows (from X to Y ) are diagrams of continuous mappings of the form
for Z some topological space. We define the composition of arrows by
where U is defined as the fiber product
Observe that the ordinary category of topological spaces can be embedded as a subcategory of Corr since a continuous map f : X → Y can be interpreted as the correspondence
1 Dan Freed has observed in a talk at Waterloo that a variety of phenomena in TQFTs can be better explained using this concept.
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where G f = {(x, y)|y = f (x)} is the graph of f . This is functorial for we have
Unfortunately homology is not a functor from Corr to graded abelian groups. Nevertheless suppose that we have a correspondence X α ← Z β → Y where • X, Y and Z are manifolds (possibly infinite dimensional).
• α is a regular embedding of finite codimension d.
In this case we say that X α ← Z β → Y is a smooth correspondence of degree −d. In any case using the Gysin map we can produce the composition
which is the induced homomorphism of degree −d in homology.
String Topology. Let Map
⊙ (X, Y ) be the space of constant maps from X to Y . Clearly Map ⊙ (X, Y ) ∼ = Y and in fact this last homeomorphism is given by the map ev
We consider now the situation in which X = P a 2-dimensional pair-of-pants (a 2-sphere with three small discs removed), and Y = M is an oriented compact closed smooth manifold. Let a,b and c be three boundary components P each one diffeomorphic to S 1 . Then the opposite of the diagonal map △ can be realized as the correspondence (1.5.1)
and indeed, since that is a smooth correspondence of degree −d we have that
is the induced homomorphism of degree −d in homology. We could have used the space 8 consisting of the wedge of two copies of S 1 instead of P (they are after all homotopy equivalent, we can define ev c by choosing a quotient map c → 8 identifying two points of c). Notice that by using pairs-of-pants we can recover any compact oriented 2-dimensional cobordism Y which is not boundaryless. In fact by using correspondences we can recover Ψ M Y for all Y that has at least one outgoing boundary component. In a sense correspondences encode a big portion of Poincaré duality this way, the so-called positive boundary sector of the TQFT.
Following Cohen and Jones we do something rather drastic now and let the maps free, namely we write the correspondence 1.5.1 but with the whole mapping spaces rather than just the constant maps.
which is a degree −d smooth correspondence. The induced map in homology
is called the Chas-Sullivan product on the homology of the free loop space of M . From the functoriality of correspondences it isn't hard to verify that the product is associative. Chas and Sullivan proved more, by defining a degree one map ∆ : H * (LM ) → H * +1 (LM ) given by ∆(σ) = ρ * (dθ ⊗ σ) where ρ : S 1 × LM → LM is the evaluation map, they proved that (H * (M ), •, ∆) is a Batalin-Vilkovisky algebra, namely
into a graded Gerstenhaber algebra (namely it is a Lie bracket which is a derivation on each variable). This statement amounts essentially to the construction of Ψ LM Y for all positive boundary genus zero (1 + 1)-dimensional cobordisms Y (cf. [16] ). The case of positive genus has been studied by Cohen and Godin [9] .
1.6. Orbifold String Topology. The purpose of this paper is to put forward a theory that generalizes simultaneously the models of Dijkgraaf-Witten and of Chas-Sullivan described above. Indeed, our theory interpolates between those two theories as we will explain shortly.
We consider an orbifold as a certain kind of Lie groupoid [26] , that is to say that to every orbifold we will associate a topological C ∞ category with inverses. This constitutes a good realization of an orbifold seen as a C ∞ smooth stack. −→ mg.
In [22] the first two authors introduced a concrete model for the loop orbifold LX of an orbifold X using the so-called loop groupoid. We will come back to the definition of this orbifold in 2.1. LX is an infinite dimensional C ∞ stack. This paper introduces the string topology of LX. In order to do this we can consider (stack) orbifold correspondences. Such an orbifold correspondence is a diagram in the category of stacks of the form
We need of course the concept of smooth degree −d correspondence in the category of infinite dimensional C ∞ stacks to mimic the arguments of the previous subsections. In any case whenever X is a d dimensional oriented orbifold, the output of this procedure is a degree −d product on the homology of LX,
In this paper we bypass the theory of stacks by considering global orbifolds, namely orbifolds of the form X = [M/G] where G acts in an orientation preserving fashion on the compact, closed smooth manifold M . In this case we have that
Here the main idea comes from string theory, and it is to consider the elements of G as 0-branes, in the form of boundary conditions for the strings. In any case, using classical algebraic topology we prove the following.
has the structure of a Batalin-Vilkovisky algebra, and moreover
• When G = {1} and for arbitrary M then A LX coincides with the ChasSullivan BV-algebra.
• More interestingly, when M = {m 0 } is a single point and for arbitrary G then A LX coincides with the Dijkgraaf-Witten Frobenius-algebra.
We will return to the general case elsewhere.
2. The free loop space of the classifying space of an orbifold.
2.1.
The loop space as a classifying space for the loop orbifold. We will concentrate our attention to a global quotient orbifold for the sake of clarity in this section. The arguments below can be generalized to properétale smooth groupoids.
Let us recall what a global quotient orbifold is. Let M be a smooth, compact, connected, oriented manifold and let G be a finite subgroup acting on M through the induced action of a homomorphism G → Diff(M ). A global quotient orbifold is an orbifold that admits an atlas consisting of only one chart given by the acion of G in M . A general orbifold admits such representation only locally. We will denote this kind of orbifold by X = [M/G] where the square parenthesis are meant to indicate that this is not simply the orbit space X = M/G but the associated orbifold. We refer the reader to [17, 27, 23 ] for introductions to the theory or orbifolds.
The classifying space of the orbifold X is simply the Borel construction of the
It is a fact that the Borel construction depends only on the orbifold and not on the particular group action used to represent it, and therefore LBX depends only on X.
We find the following notation useful. We set
that is to say the space of all piecewise smooth paths going from x ∈ M to y ∈ M . We define now the loop orbifold LX [22, 17] of an orbifold X. This is an infinite dimensional orbifold. For this we consider the space
together with the G action given by
Then we define the (infinite dimensional) loop orbifold as
The following result describes the relation between LBX and LX (cf. [17] )
There is a canonical map
that induces a weak homotopy equivalence.
Proof. Consider the following Serre fibrations over BX.
• On BLX. Take the map of groupoids (G-equivariant map)
with ev 0 (γ, g) := γ(0). It induces a map at the level of classifying spaces
Now, let's consider the classifying spaces using the Borel construction.
Remark 2.1.2. The square brakets in [( , t)] represent a equivalence class in the Borel construction.
• On LBX.
Take the map ǫ 0 : LBX −→ BX which evaluates a free loop at 0, i.e. for σ :
is the space of loops based at z. Now let's define the map τ . For σ ∈ LBX lift it toσ, making the following diagram commutative
such thatσ(0) = (m, t) (the construction follows from the fact that the map p is a G-principal bundle and G is finite). Now, take k the only element in G such that σ(0)k =σ(1). Define τ in the following way
It is easy to see from the definition that τ is well defined and is also clear that it makes the following diagram commutative
is a homotopy equivalence.
Proof. It is clear from the construction that the map τ z is surjective, we only need to find the homotopy type of the fibers. Recall from above that the map τ z goes from
. From the definition of τ above is easy to see that
where P t g −1 t (EG) stands for the paths in EG that go from t to (g −1 t). Again is easy to see that the previous argument is independent of the choice of representative in [((γ, g), t)].
As the space P t g −1 t (EG) is contractible then it follows that τ z induces a homotopy equivalence.
As τ induces a homotopy equivalence on the fibers of the Serre fibrations given by ǫ 0 and |ev 0 |, then the theorem 2.1.1 follows from a theorem of Dold [15] . Hence τ induces a weak homotopy equivalence between LBX and BLX.
Circle action.
We have seen that the map τ : LBX −→ B (LX) is a weak homotopy equivalence, and it is natural to wonder whether the equivalence is S 1 -equivariant. The answer turns out to be negative as we will see shortly.
There is a natural action of S 1 onto LBX by rotaing the loop, but the action does not get carried into BLX via τ . The reason is the following, the loop orbifold LX comes provided with a natural action of the orbifold [R/Z] which is a stack model for the circle. The action of R into the orbifold loops of P G (M ) is the obvious one, the map gets shifted by the parameter in R. The subtlety arises here, once we act on the orbifold loop by 1 ∈ R, we do not end up with the orbifold loop from the begining, but instead we get one that is related to the initial one via an arrow of the loop orbifold category. This arrow in the loop orbifold is where 1 ∈ Z gets mapped. By the way, precisely this fact was the one that allowed us to define the loop orbifold in a non trivial way, namely a loop on the orbifold was not a map from the circle to the orbifold, but a functor from [R/Z] to the orbifold.
More accurately, to define the action of [R/Z] onto LX = [P G (M )/G] we first define an action of R into P G (M ) in the natural way, namely, take γ ∈ P k (M ) and s ∈ R so (s · γ)(t) := γ s (t) = γ(t + s). Then for each (γ, k) ∈ P G (M ) and 1 ∈ Z we choose the arrow of LX that relates the orbifold loops (γ, k) and (γ 1 , k), this is the
Using the construction of the previous section we have that
and denote
. Instead τ (1 · σ) and τ (σ) are related by an arrow. Nevertheless, if we take the coarse moduli space of LX (that we will write
become by definition the same. Then we can conclude Lemma 2.2.1. The space LX/ ∼ = P G (M )/G has a natural S 1 action and the map
which is the composition of τ with the projection BLX → LX/ ∼ , isτ is S 1 -equivariant.
Corollary 2.2.2. The mapτ induces an isomorphism in homologỹ
and in equivariant homologỹ
Proof. As τ is a weak homotopy equivalence, then
and as the group G is finite theñ
The second equation follows from the isomorphism of spectral sequences with real coefficients associated to the each of the fibrations
2.3. Cyclic equivariant loops. There is an alternative description of P g (M ) that although essentially obvious nevertheless relates it to some models that have been studied before.
Given an element g ∈ G it generates a cyclic group < g >⊆ G. Let m be th order of g in G. Then there is a natural injective morphism of groups
We define the space L g M of g-equivariant loops in M to be the subspace of LM := Map(S 1 ; M ) of loops φ satisfying the following equation for every z ∈ S 1 :
The space of cyclic equivariant loops of M is defined to be simply
It is, again, naturally endowed with a G-action
given by
is a diffeomorphism, and moreover it induces a G-equivariant diffeomorphism
We conclude this subsection by pointing out that as a consequence of these remarks we have the following equality
Principal bundles.
In this paragraph we consider G-principal bundles on S 1 and their relation to the previous models of the loop orbifold. We are interested in the category of G-principal bundles π : Q → S 1 over S 1 endowed with a marked point q 0 ∈ Q so that π(q 0 ) = 0 ∈ S 1 . Whenever we have such a pair (Q, q 0 ) we have a well-defined liftẽ : [0, 1] → Q of the exponential map e : [0, 1] → S 1 given by t → exp(2πit), making the following diagram commutative:
We well call this g ∈ G the holonomy of Q.
The isomorphism classes of G-principal bundles with a marked point are classified by their holonomy, for the set Bun G (S 1 ) of such classes is given by
The following proposition is very easy.
This proposition can be slightly generalized as follows. Consider now the space Bun G (S 1 , M ) of isomorphism classes of G-equivariant maps from a principal Gbundle Q over the circle to M . This space has a natural G-action defined as follows. If Q g denotes the principal bundle with holonomy g then the pair [(β :
Proof. It is enough to give a G-equivariant diffeomorphism
this can be achieved by the following formula
To finish this section let us define Bun g (S 1 , M ) to be the space of isomorphism classes of G-equivariant maps from a principal G-bundle Q g with holonomy g to M . Then we have that
and in fact
3. The orbifold string product.
3.1. The definition of the orbifold string ring. We will suppose at the outset of what follows that M is oriented and that G acts in an orientation preserving fashion. In this section we define the string product in the homology of LBX. Let us start by defining a composition-of-paths map:
Here the map ǫ t : P k (M ) → M is the evaluation map at t given by γ → γ(t).
is the space of pairs of paths (γ 0 , γ 1 ) so that γ 0 (1) = γ 1 (0) =: ǫ(γ 0 , γ 1 ), that is to say the end of γ 0 is the beginning of γ 1 . The map ⋆ is given by the obvious formulas of concatenation:
Notice that the following diagram is a cartesian square (cf. [10] ):
where j is the natural inclusion and ∆ is the diagonal map. Following Cohen-Jones [10] we observe that such a pullback square allows a Thom-Pontryagin map
T M denotes the Thom space of the pullback bundle ǫ * ∞ (T M ), which is the normal bundle of the embedding j. Here we remind the reader that the normal bundle of the embedding ∆ is T M .
Let us denote by (P gh (M )) T M the Thom space of the bundle ǫ * 1/2 (T M ) where ǫ 1/2 : P gh (M ) → M . The map ⋆ induces a map of Thom spaces
It is immediate to verify that the following diagram is commutative
And from this we can consider the composition
Whereũ * is the Thom isomorphism. By considering the direct sum over all elements g ∈ G we obtain the map
We will call • the G-string product, and H * (P G (M )) the G-string ring of the G-manifold M .
This ring depends on the G-manifold M and not only on the orbifold X = [M/G]. To obtain a bona fide orbifold invariant we proceed in the following manner.
We will define maps i) The transfer map θ * :
and then we will define the orbifold string product • as follows
We will call the ring thus obtained
as the orbifold string ring of X. Notice that the degree of • is −d whenever the dimension of X is d. Now we define the maps θ * and σ * 
and define
Notice that the sum is independent of the choice of lifting, and extending by linearity we get a homomorphism:
which is compatible with the boundary operators:
To see this, it is enough to recall that ∂ n commutes with continuous maps and that multiplication by elements of G is continuous. Thus we get a morphism of singular complexes:
where π * is the morphism induced by the projection onto the first factor. This induces the desired homomorphism at the level of homology groups θ :
The map σ * is much easier to define. It is simply the induced map in homology of the composition
Our next claim is that the string homology of the orbifold, it is indeed an invariant on the orbifold and not of the particular choice of groupoid that we made.
Namely, we will now prove that for two orbifolds 
is an isomorphism.
Proof. In [22] it is proven that the induced map on loop orbifolds
is a Morita equivalence. Then, their classifying spaces are homotopically equivalent and therefore the induced homomorphism in homologies is an isomorphism. We are left to prove the fact that the string homology structures are the same.
As L[N/Γ] = [P Γ (N )/Γ] and L[M/G] = [P G (M )/G] the induced map on the coarse moduli spacesF
:
Following the definition of the circle action given in section 2.2.2, one can see that the mapF is S 1 -equivariant. Therefore the induced degree shifting action in homologies H n → H n+1 is the same. Now let's see that the string product agrees.
For α, β ∈ Γ and a = ρ(α), b = ρ(β) consider the following diagram as in 3.1.1 induced by F .
As T N ∼ = f * T M the diagram is commutative. Therefore once one take invariants, it produces an isomorphism of string products
Discrete torsion
For a gerbe over the finite group G, namely a 2-cocycle α : G×G → U(1), one can associate a 1-cocycle over the inertia groupoid of G (see [20] ). The inertia groupoid ∧G of G consists of the group acting on itself by the adjoint action. Its space of objects is ∧G 0 = G, its space of arrows is ∧G 1 = G × G and its structural maps are
. It is Morita equivalent to the groupoid (g) C(g) where (g) runs over conjugacy classes of elements in G and C(g) is the centralizer of g. The 1-cocycle over ∧G induced by α is the groupoid map:
where U(1) is the groupoid with one object and morphisms the unitary complex numbers.
This 1-cocycle τ once restricted to the centralizers C(g) is what is known by "discrete torsion".
The loop orbifold LX := [P G (M )/G] is Morita equivalent to the groupoid
As the group G is finite we have that
where the second expression means the G invariant part.
Definition 4.0.2. The loop orbifold homology twisted by a discrete torsion
where G acts by translation on H * (P g (M ); C) and by the representation of τ in C, namely for h ∈ G and x ∈ H * (P g (M ); C), h · x = τ (g, h)h * x. Then, the G-invariant part is taken.
Operadic structure
In [9] was shown that the BV algebra structure of the free loop space of a manifold could be understood via some suitable action of the flat Chord diagram operad. In this section we will argue that the orbifold loops P G (M ) can also be endowed with the action of an operad that we have decided to call the G-chord diagram operad. Basically the elements in this operad are G-principal bundles over marked flat chord diagrams.
To make this section self contained we need to review the construction of the flat chord diagrams (see [18, 9] for their homotopy properties), although we will be using an alternative description that will help define the G chord diagram operad.
The approach that we will be following in this section arose at the attempt to understand the operad of G-principal bundles over cacti. It turned out to be more difficult than expected because firstly there is combinatorical information that is not so easy to keep track of with a cactus, and secondly because the cacti operad is infinite dimensional. Fortunately the use of chord diagrams solves these technical difficulties.
It can be useful for the reader familiar with cacti to think heuristically that a chord diagram "determines" a cactus once the chords are contracted, and that a G-chord diagram will "represent" a G principal bundle over a cactus after the same procedure is performed.
Marked Chord Diagrams.
The chord diagrams we will be interested in will have only one boundary circle, will be flat (namely, the chords do not interesect) and will have several marked points. These marked points will be very useful when considering orbifold loops.
Definition 5.1.1. A marked chord diagram c with n − 1 chords consists of the following information:
• A clockwise oriented circle S 1 centered at the origin in R 2 parametrized by arclength with permiter 1.
• A marked point u ∈ S 1 (this is the marked point of the outside circle) • Marked points x i , y i ∈ S 1 , i ∈ {1, 2, . . . , n − 1} all different from each other, such that the segments of line from the x i 's to the y i 's do not intersect inside the circle (this is the flat condition). We will call by f i : {x i } → {y i } the function that associates y i to x i . We do this because we want to think of a chord as isomorphism between two points in the circle.
• Marked points z i , i ∈ {1, 2, . . . , n} in each of the lobes. The lobes are determined by contracting the chords The space of marked chord diagrams with n − 1 chords will be denoted by MC(n). The space of chord diagrams without the marking on the lobes (last condition) will be denoted by C(n).
The topology of C(n) is the one inherited from (R 2 ) 1+2(n−1) and is easy to see that C(n) is a manifold of dimension 2n − 1. Because all the points x i , y i are different from each other, the action of the group S n−1 ⋉ S 2 on C(n) is free; the S 2 's permute the x i with the y i and S n−1 permutes the chords. The manifold C(n)/S n−1 × S 2 is what in the literature is understood by the space of (n − 1) chord diagrams; in this paper we will keep the markings on the chords.
As we have pointed out before, once one contracts the chords of the chord diagram one gets a "cactus type" configuration. The marked points z i are only allowed to move around on its corresponding lobe of the cactus. This makes the projection map MC(n) → C(n) into a (S 1 ) n principal bundle. The spaces {MC(n)} n≥0 form an operad (see [35] ).This operad has the following properties:
• A composition law:
• A right action of the symmetric group S n on MC(n).
• A unit e ∈ MC(0).
such that the composition is associative and equivariant with respect to the symmetric groups, and the identity satisfies natural properties with respect to the composition.
The action of S n is by permuting the subindices of the marked points z i , and the composition is obtained by adding the chords of the diagrams c i ∈ MC(k i ) into the diagram of c ∈ MC(m). This is done as follows: the diagram c i will be patched into the lobe where the point z i lies in c. c i is rescaled to match the lenght of the i th lobe of c. The patching starts by sending the marked point u i of c i to the point z i and one continues using the orientations. The points {x In [9, 10] is shown how this operad can act on the free loop space of a manifold thus realizing the BV-algebra structure on the homology of the loops defined by Chas and Sullivan [6] .
5.2.
Marked G-chord diagrams. Now we want to construct the moduli space of principal G bundles over the marked chord diagrams, i.e. principal G bundles over c for all c's. We need to lift all the markings of the chord diagram in order to have a manifold and not an orbifold. This fact can be easily seen on the moduli space of principal G bundles over a circle. If one marks a lift of 0 then the isomorphism class can be characterized by the holonomy, en element in G, but without the marking the only invariant we can measure is the conjugacy class of the holonomy. The first one is a manifold, the second one is an orbifold. Definition 5.2.1. A marked G chord diagram over the marked chord diagram c ∈ MC(n) is a G principal bundle π : W → c over c with:
• π a local isometry.
• A choice of base point0 in W such that π(0) = 0.
• Liftsũ,z 1 , . . . ,z n for the marked points u, z 1 , . . . , z n in c.
• Liftsx i ,ỹ i , 1 ≤ i < n of x i and y i , together with isomorphismsf i :
We will call the space of such marked G chord diagrams by GMC(n).
Measuring the holonomy of W starting from the point0 one can see that
where GMC(n, g) are all the marked G chord diagrams W where the holonomy starting at0 is g. From the figure one can see that the holonomy of the outer circle (forgetting the chords) starting atũ as well as starting at0 is (1, 3, 2) , the holonomy of the lobe numbered 1 starting atz 1 is (2, 3) and of the lobe 2 starting atz 2 is also (2, 3) . It is worth pointing out here that if one takes the S 3 principal bundle associated to either one of the lobes, each one of them would have 3 connected components. Each component will give a different holonomy, namely (1, 2), (2, 3) or (1, 3) ; all the conjugates of (2, 3). All these holonomies can be attained by changing the points z i of position. Also, ifũ were to be in the bottom spiral, its holonomy would have been (1, 2, 3) , conjugate of (1, 3, 2).
Proof. There are |G| choices for each of thex i ,ỹ i ,z i 's as well as forũ. Clearly G acts on each point by moving it on the fibers.
The sets {GMC(n)} n posses an operadic structure that is compatible with the one of {MC(n)} n , but for defining such structure we need to measure the holonomy around each lobe.
Let
be the map that assigns the holomomy of the n lobes, measured each one starting from the pointsz i and following the induced orientation. Whenever a pointx j is reached the path is continued onỹ j and so forth until one reaches a point on the same fiber asz i . The name ih stands for "incoming holomony". And let
be the map that assigns the total holomony of W measured starting fromũ, this is, around the whole circle of c; the name oh stands for "outer holonomy". Notice that the sets GMC(n) have a free action of the symmetric group S n defined by permuting the ordering of the lobes, i.e. by permuting the indices of thẽ z i 's.
The operad action
is defined in the natural way such that is compatible with the one of {MC(n)} n .
The set GMC(n) ih × { oh} n j=1 GMC(l j ) is the one that makes the following a cartesian square
Now we are ready to construct the action of this G-operad in the homology of the loop orbifold.
Recall that the loop orbifold can be seen as [Bun M ) is the set of G-equivariant maps from Q g to M with Q g the G-principal bundle over the circle with holonomy g (measured from 0 the lift of 0) and the projection being an isometry. (h 1 , . . . , h n ) and oh(W) = h}.
then there is a natural map
by forgetting all the marked points exceptũ which gets mapped to the0 of Q h .
The space L W M can also be viewed as the pullback of an evaluating mapping of the product j Bun hj (S 1 , M ) defined as follows. The marked G-chord diagram W induces G-principal bundles W i over the lobes c i by taking as marked pointz i and following the path on W with the induced orientation, and whenever a point x j is reached, one continues withỹ j (or viceversa). On each of these bundles W i denote by α l the points on W i that correspond tox l (orỹ l ) where l ∈ I i with I i the set of j such thatx j (orỹ j ) is on the i-th lobe. Let m i be the number of elements in I i , as all the chords touch two lobes, then m 1 + · · · + m n = 2(n − 1).
Define the evaluation map
as follows. Let s i : S 1 → c i be the identification of the unit circle with c i obtained by scaling down the unit circle so as to have the radius of c i , and rotating it so the base point 0 ∈ S 1 is mapped to the marked point z i ∈ c i . And takes i : Q hi → W i to be the identification of the corresponding G-principal bundles, compatible with s i and where0 is mapped toz i . Let β l , l ∈ I i the points on Q hi corresponding to α l , l ∈ I i under the maps i . Define
As each of the chords touch two lobes, then each of the j's 1 ≤ j < n belong to two of the I i 's. This induces a diagonal map Note that the map ∆ W is the same as the (n − 1)-th product of the diagonal map M → M × M composed with a permutation of the group S 2(n−1) . Now observe that the following is a cartesian pullback square:
where ev int : L W M → (M ) n−1 evaluates a map γ : W → M at the n − 1 vertices of the chords, namely ev int (γ) = (γ(x 1 ), . . . , γ(x n−1 )).
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The normal bundle η(∆ W ) of the diagonal embedding ∆ W is equal to
where (q)T M denotes the q-fold direct sum of T M with itself as a bundle over M . By the tubular neighborhood theorem, we have proven the following:
Lemma 5.2.6. The image of the embedding
has an open neighborhood homeomorphic to the total space of the pullback ev * int (n − 1)T M We now consider the previous construction in a parameterized way, by letting W vary in GMC(n, h). Consider the set
and the map
Using the previous lemma we can identify the image of∆ (n,h) as an open neighborhood as follows. Let ξ(n, h) be the d(n − 1) dimensional vector bundle over L (n,h) whose fiber over (W, γ) is the sum of tangent spaces,
It is clear that ξ(n, h) is a well defined vector bundle. So we have Lemma 5.2.7. The image of the embedding
has an open neighborhood homeomorphic to the total space ξ(n, h).
Notice that this allows us to perform a Pontrjagin-Thom collapse map
that induces a homomorphism in homology
that once composed with the homomorphism
the product of the mapsf k . Then f is a homeomorphism into its image, and moreover the image consists of sequences of maps which commute with the face and degeneracy maps (which is by definition the total space of X λ 1 .
6.2. Loop space. Consider now X S the subsimplicial space of X λ 1 defined by
Clearly the face and degeneracy maps are well defined in X S and moreover its geometrical realization is homeomorphic to the subspace of PX such that the paths begin and end at the same point, i.e.
is a homeomorphism. DefiningX S by dropping the last coordinate of X S we get thatX
together with induced face and degeneracy maps given by:
Corollary 6.2.1. The space |X S | is naturally homeomorphic to the space of free loops LX := Map(S 1 , X) of X.
6.3. Loop orbifold space. If X comes provided with the action of a finite group G we will find the cosimplicial description for the spaces
Clearly the face and degeneracy maps are well defined in X λ 1 g and moreover its geometrical realization is homeomorphic to the space of paths γ ∈ PX such that γ(0)g = γ(1), i.e. together with induced face and degeneracy maps given by: g | is naturally homeomorphic to the space of paths P g X of X.
Using the functions f k of 6.1.1 restricted to P g X we get the following maps:
and applying singular chains we get
The following is a generalization of a theorem of Jones [19] (also in [10] ) Theorem 6.3.2. Let X be a space together with an action of a finite group G. Take g ∈ G and consider the cosimplicial space |X 
defined above. Then the f * k 's fit together to define a chain map from the Hochschild complex of cochains of X induced byX λ 1 g , to the cochains of the orbifold loop space P g X,
which is a chain homotopy equivalence when X is simply connected. Therefore it induces an isomorphism in homology
Dualizing the previous theorem we get:
Corollary 6.3.3. For X simply connected, G finte group acting on X and g ∈ G.
there is a chain homotopy equivalence from the singular chains of the orbifold loop space P g X to the Hochschild complex
); C * (X)) and therefore an isomorphism in homology
As pointed out in [10] the cochain complex CH * (C * (X λ 1 g ); C * (X)) does not have in general a product structure because the coefficients C * (X) is not in general a ring. When X is a closed, oriented manifold of dimension d then Poincaré duality gives a chain homotopy equivalence C * (X) ∼ = C * −d (X) that allows to define a product at the level of the Hochschild complexes, i.e.
where g −1 * : C * (X) → C * (X) is given by the action of g and · is the product induced by Poicaré duality. Lemma 6.3.4. The operation ⊠ induces a product at the homological level
gh ); C * (X)). Remark 6.3.5. The chains of X come provided with a grading that in the previous lemma we have avoided to mention. Moreover, the grading of the previous lemma is based on the Hochschild complex. But in order to understand the result of the next theorem, one has to grade differently the elements in Hom(C * (X) ⊗p , C * (X)). For α : C * (X) ⊗p → C * (X) such that α(x 1 , . . . , x p ) = u and zero otherwise, the grading of α would be deg(u) + p i=1 deg(x i ). In this way if β(x p+1 , . . . , , x p+q ) = v and zero otherwise, the degree of α ⊠ β equals deg(u)
and recall the group H * (P G (X)) together with the G-string product • of 3.1.2, then Theorem 6.3.6. The group isomorphism
G ) of corollary 6.3.3 extends to an isomorphism of graded algebras, i.e. f * (x • y) = f * x⊠f * y (with the grading of the previous remark). Taking G-invariants we recover thus the orbifold string ring.
Computations
Example 7.0.7. Let M be a smooth manifold and consider X = [M/{1}] (in other words we consider the case when G = {1}). Then it is clear that P g (M ) = P G (M ) = LM is simple the free loop space and H * (LX) = H * (LM ). By the work of Cohen and Jones we recover the Chas-Sullivan BV-algebra in this case. Example 7.0.8. Let G be a finite group and consider X = [•/G] be the orbifold consisting of a point M = • being acted by G. Sometimes this orbifold is denoted by BG (not to be confused with BG the classifying space of G). Clearly every loop and every path in this case is constant, namely the space P g (M ) = ⋆ g is a point, and so P G (M ) is in one-to-one correspondence with G. Therefore the category
For each g ∈ G the stabilizer of this action is the centralizer C(g) = {h ∈ G|hgh −1 = g}. Now, in the category [G/G] an object g ∈ G is isomorphic to g ′ ∈ G if and only if g and g ′ are conjugate. Therefore we have the equivalence of categories
Here (g) runs through the conjugacy classes of elements in g ∈ G. From this we can conclude that the equivalence The reader may be interested in comparing this result with that of [1] .
Let X be a topological space endowed with the action of a connected Lie group Γ. Take G ⊂ Γ finite and consider the quotient X/G and the map π : X → X/G the projection. Proof. Take g ∈ G and its induced action g : X → X. We claim that g * : H * (X) = → H * (X) is the identity. Join the identity of Γ with g with a path α t ∈ Γ (i.e. α 0 = id Γ and α 1 = g), hence α t is a homotopy between the identity and g, therefore g * = id.
Taking the averaging operator
and using that H * (X; Q) G ι ∼ = H * (X/G; Q) the isomorphism follows, for it is not hard to check that π * = ια.
With the same hypothesis as before consider now the orbifold loops, namely P g X = {f : [0, 1] → X|f (0)g = f (1)}. Lemma 7.0.10. There is a C(g)-equivariant homotopy equivalence between LX and P g X.
Proof. For every point x ∈ X consider the path β x : [0, 1] → X defined as β x (t) = x · α t where α t is defined as in the previous lemma. Then the path β x joins the points x with xg. Denote by β Proof. It follows from the previous two lemmas and the fact that
H * (P g X/C(g)).
Example 7.0.12. The loop homology of the lens spaces L (n,p) = S n /Z p (n odd,
with a ∈ H −n (L (n,p) ), v ∈ H 0 (L (n,p) ) and u ∈ H n−1 (L (n,p) ).
Proof. As the action of Z p on S n comes from the action of S 1 on S n via the Hopf fibration, we can use the previous results. Let g be a generator of Z p , then
As H * (P g j S n ) Zp ∼ = H * (P g j S n ) the string product • could be calculated from the following commutative diagram
, because the group is abelian. The map τ j : LS n → P g j S n defined in 7.0.1 gives an isomorphism in homology, so we can define the generators of the homology of P g j S n via the map τ j and the loop homology of the sphere, namely H(S n ) = H * (LS n ) ∼ = Λ[a] ⊗ Q[u] (see [11] ). Denote then by σ j k the generator of the group H k (P g j S n ) and using that (τ j ) * is an isomorphsim one gets that σ We are only left to prove that when j + k = p the formula σ n → LS n be the map that to a point x in the sphere associates the free loop defined via the Hopf fibration that starts and ends in x. Now define the map φ : LS n → LS n that takes a loop γ to γ • β. The map φ is homotopic to the identity because the cycle β is homotopic to the cycle of constant loops over the sphere (the homotopy is by contracting the loop to the north point of the axis perpendicular to the loop, this point is well defined because all the loops in β are except in the south pole that one gets an S 1 valued arrangement of the element x, which precisely is ι ⊗ x 2 . This because the constant loop of the south pole has to be lifted to the north pole and shrunk again, an S 1 number of times.
Example 7.0.14. with |w| = −1, |c| = −2, |u| = 2n and |v| = 0.
